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Introduction
There is a vast literature dealing with numerical methods for the radiative transfer equations, see for example [22, 27] for a survey. These equations have been the key to understand the thermal radiation distribution on many semitransparent materials. As a well established example, the temperature distribution during the cooling process of glass which has direct effect on the quality of the product. Moreover, numerical experiments on semitransparent materials have shown that the heat transfer can not be estimated only by conduction but also by radiation. For instance, in many annealing processes, the media temperature is higher than 1000 K and at this temperature radiative transfer dominates conduction. The main difficulties raised when solving numerically the radiative transfer equations lie essentially on the large set of depend unknowns, the coupling between the radiative transfer and the heat conduction, and the specular reflecting boundary conditions. The most accurate procedures available for computing radiative transfer in semitransparent materials are the zonal and Monte Carlo methods [22] . However, these methods are not widely applied in comprehensive radiative transfer calculations due to their large computational time and memory storage requirements. Also, the equation of radiative transfer is in a non-differential form, a significant inconvenience when solved in conjunction with the differential equations of conduction and convection. For this reason, numerous investigations are currently being carried out worldwide to assess 1 computationally efficient methods in radiative transfer applications. The present work deals with the design of such methods.
In the current study, we consider the simplified P N (SP N ) approximations to the radiative transfer equations. The SP N approximations were first proposed in [14] and theoretically studied in [19] . In [20, 26] , the SP N approximations have been extensively studied for radiative transfer in glass manufacturing, while in [13] they have been implemented for radiation in gas turbines. The SP N approximations have also been studied in [6] for internal radiation in crystal growth. The main advantage in considering SP N approximations is the fact that the radiative transfer equations are transformed to a mixed set of elliptic equations independent of the angular directions and easy to solve numerically. Furthermore, comparisons presented in the previous references proved that in optically thick media (large absorption) the SP N models approximate the full radiative transfer equation with less computational cost and give results which are more accurate than those obtained by the classical Rosseland approach traditionally used by physicists. The physical phenomena in many radiative applications can be modeled by the SP N equations with the property that the media is optically thick, particularly when certain nondimensional parameters reach small values. As example of these parameters, we mention the optical scale. It is well established that for small values of this parameter, the SP N approximations are sources of computational difficulties and nonphysical oscillations. On the other hand, steep fronts and boundary layers are among the difficulties that most numerical methods fail to resolve accurately. Indeed, such practical radiative problems are not trivial to simulate because the geometry can be complex and internal source terms may produce steep gradients in the vicinity of the boundary along the computational domain. It is well known that unstructured grids can be highly advantageous on the basis of their ability to provide local mesh refinement near important thermal features and structures. As a consequence, the ability to provide local mesh refinement where it is needed leads to improved accuracy for a given computational cost as compared with methods that use structured meshes. The conventional continuous finite element method has been applied in [18] to solve the SP N approximations for a glass cooling process. The h-adaptivity has also been implemented in this reference to resolve boundary layers for this class of problems. However, for practical applications, this method may become computationally demanding due to the lack of a posteriori error analysis.
As for most mesh-based methods for solving partial differential equations (PDEs), the computational cost in finite element methods becomes more and more important (sometimes prohibitive) when we need numerical solution with high accuracy. It is also well known that a posteriori error analysis is one approach to find a compromise between cost and accuracy in these methods. The development of Discontinuous Galerkin (DG) methods for the numerical approximation of PDEs is an extremely exciting research topic, see [5, 7-10, 12, 15] among others. The DG methods have several important advantages over the well established finite volume and finite element methods. The concept of high order discretization is inherent to the DG method. Moreover, due to the simple communication at element interfaces, elements with so-called hanging nodes can be easily treated. Additionally, the communication at element interfaces is identical for any order of the method, which simplifies the use of methods with different polynomial orders p in adjacent elements. The flexibility of DG methods makes them ideal for hp-adaptivity, which is a technique where both the size of the elements (h-adaptivity) and their polynomial orders (p-adaptivity) are adjusted to improve the accuracy of the solution. In the current study we derive a posteriori error estimates for the DG discretization of SP N approximations in frequency-dependent radiative transfer applications. The natural combination of adaptive techniques with DG method retains the best features of both methods and overcomes many of their defects. Their implementation relies on the projection operators, whose actions use only standard nodal data structures and can be evaluated locally at the element level. In order to be even more efficient, in this paper we use anisotropic h-adaptivity which has been proved to work very well in presence of boundary layers generating long and thin elements along them. The gain in efficiency using adaptivity is directly related to the accuracy of the error estimator which is used to estimate the distribution of the solution error on the mesh to guide the adaptive procedure. The error estimator used in this work is a modification of the error estimator in [15] to solve the SP N problems. We numerically illustrate the efficiency of our techniques by solving several test examples for radiative transfer problems in both grey and non-grey media. The method is also used to solve a radiative transfer problem with discontinuous coefficients. Solving the SP N approximations using a DG method with hp-adaptivity, to the best of our knowledge, is reported for the first time.
The present paper is organized as follows. Description of the simplified P N approximations of radiative transfer in non-grey semitransparent media is presented in section 2. Section 3 is devoted to the formulation of hp-adaptive discontinuous Galerkin methods. This section includes the discontinuous Galerkin discretization and the hp-error estimations for the simplified P N equations. In section 4, we present numerical results and examples for the simplified P N approximations of frequency-dependent radiative transfer. Our new approach is shown to enjoy the expected accuracy as well as the efficiency. Concluding remarks are given in section 5.
2 Simplified P N approximations of radiative transfer
Let Ω be a geometrical domain with a boundary ∂Ω of an absorbing and emitting semitransparent material with a given steady temperature distribution T in Ω and T b on the boundary ∂Ω. The spectral intensity I(x, s, ν) at the space point x, within the frequency ν and along the direction s, is obtained from the dimensionless radiative transfer equation
where is the optical thickness coefficient, κ(ν) the absorption coefficient, σ(ν) the scattering coefficient and B(T, ν, n) is the spectral intensity of the black-body radiation given by the Planck function in a medium with refractive index n as
where h P , k B and c 0 are Planck constant, Boltzmann constant and the speed of radiation propagation in the vacuum, respectively [21] . Note that the equation (2.1) models the changes of an intensity I(x, s, ν) as particles are passing through the domain Ω at the position point x along the direction s in the unit sphere S 2 with the frequency ν and are subject to loses due to absorption κ and scattering σ, while their number grows due to the black-body radiation source B(T, ν, n m ) inside a semitransparent media with the refractive index n m . On the boundary we consider transmitting and specular reflecting conditions
where ∂Ω − is the boundary region defined as
with n(x) denotes the outward normal inx with respect to ∂Ω. In (2.3), s = s − 2(n · s)n is the specular reflection of s on ∂Ω, and ρ ∈ [0, 1] is the reflectivity obtained according to the Fresnel and Snell laws [27] . Thus, for an incident angle θ m given by cos θ m = |n · s| and Snell's law
the reflectivity ρ(µ), µ = |n · s|, is defined as follows
where n b and n m are the refractive indices of the surrounding medium and the semitransparent material, respectively.
In the current study we assume that the spectral absorption κ(ν) and the scattering σ(ν) are piecewise constants with respect to the frequency ν, i.e.
with κ k and σ k are constants and N ν is the total number of spectral bands. If we denote the intensity of the kth spectral band by
then the radiative transfer equations (2.1) and (2.3) can be rewritten as
where the mean intensity ϕ (k) and the Plankian function B (k) are given by
respectively. Note that many physical assumptions have to be taken into account to derive well-posed models for radiative transfer equations in non-grey diffusive semitransparent media. For more details on these assumptions, we refer to [22, 27] among others. In what follows, we briefly recast the SP N approximations for the radiative transfer equations (2.6). For more analysis we refer the reader to [20] and further references can be found therein. Hence, we write the first equation in (2.6) as
where the source term
We then apply a Neumann series to formally invert the transport operator as
Integrating with respect to s over all directions in the unit sphere and using the relation
we obtain the formal asymptotic equation for ϕ (k)
When terms of order O(ε 2 ), O(ε 4 ), O(ε 6 ) or O(ε 8 ) are neglected we obtain the SP 0 , SP 1 , SP 2 or SP 3 approximations, respectively. Higher order approximations can also be derived similarly. In this paper, we consider only the SP 1 and SP 3 approximations, and our DG method can straightforwardly be extended to other approximations. The boundary conditions for SP N approximations are obtained from variational 4 principles and are connected to the Marshak conditions for P N approximations, compare [22] . Here, we briefly state the set of equations for each SP N approximation and for more details we refer to [20] . For the SP 1 approximation:
and the SP 1 model reads
The variables r 1 and r 2 appeared in the boundary conditions for ϕ (k) depend on reflectivity of the considered media and are given in appendix A. For the SP 3 approximation:
which can be reformulated up to O(ε 8 ) as
Expanding this equations yields
For computational reasons, by introducing the variables ψ 
A detailed discussion on the formulation of equations (2.8) can be found in [20] . The mean radiative intensity ϕ (k) is obtained from the variables ψ according to the relation
The parameters µ i , α i , β i , η i , and γ i (i = 1, 2) are derived using asymptotic and variational analyses, see reference [20] . For completeness, the corresponding formulas for calculating these parameters are listed in appendix A.
hp-adaptive discontinuous Galerkin methods
In this section we formulate our DG method for solving the SP 1 and SP 3 approximations given by the systems (2.7) and (2.8), respectively. We also describe the error estimators used for the hp-adaptivity procedures. For simplicity in the presentation, the SP N approximations can be rearranged in a compact form as
where the variables in the compact form (3.1) are defined as
for the SP 1 approximation, and
for the SP 3 approximation. It should be pointed out that all the numerical methods presented in the literature for the SP 3 system, decouple the equations (2.8) by solving the equations for ψ 1 and ψ 2 separately using an iterative procedure on the boundary. Here the SP 3 approximation is solved in a fully coupled manner and no iterations are needed for the boundary conditions.
To formulate our DG method, we first require a discretization of the space domain Ω ∪ ∂Ω. To perform this step, we generate a mesh T = {K} to be a shape-regular subdivision of Ω, with K denoting a generic element. We assume everywhere in the paper, with the only exception of Section 4.4, that the subdivision T is constructed via affine mappings F K :K −→ K with non-singular Jacobian whereK is the reference square or triangle, depending on the type of element. In Section 4.4 we use the transfinite interpolation method [25] to handle curved geometries. The generated mesh is allowed to contain at most one hanging node per edge. We also use the notation E(T ) and E int (T ) ⊂ E(T ) to denote the set of all edges in the triangulation T and the subset of all interior edges and by E BC (T ) ⊂ E(T ) the subset of all boundary edges, respectively. In case of quadrilateral elements, we define the following quantities for anisotropic meshes For each quadrilateral element K ∈ T , we define the two anisotropic vectors v 1 K and v 2 K . These vectors reflect the two anisotropic directions of the generic element K and their lengths are denoted by h 1 K and h 2 K , respectively. Thus,
We also set
Note that the matrix M K is orthogonal and it satisfies
Given an edge E ∈ E(T ), for any element K ∈ T , if E ∈ E(K) or E is a part of an elemental edge of K, we define a local function of the edge E as
Moreover, for any E ∈ E int (T ), we assume that
Notice that the assumption (3.3) does not bound the aspect ratios of elements. For any edges E, E ∈ E(K) and
For any edge E ∈ E(T ), we further set
In our analysis, we allow for irregularly refined meshes T , where each elemental edge E ∈ E(K) may contain one hanging node in the middle. We then define h min,E by
It is evident that the assumption (3.3) implies that for any edge E ∈ E(T ) and any element K ∈ T , if E ∈ E(K) or E is a part of one element edge in K, one obtains
In case of triangular elements, all the quantities for anisotropic meshes are redefined with isotropic quantities re-defining the following quantities as:
, where h K is the size of the element and h E,K is the size of the edge E of the element.
Next we introduce the polynomial degrees for the approximation in our DG method. Hence, for each element K of the mesh T we associate a polynomial degree p K ≥ 1 and we introduce the degree vector p = { p K : K ∈ T }, with |p| = max K∈T p K . We assume that p is of bounded local variation in the sense that for any pair of neighboring elements K, K ∈ T , we have
where ≥ 1 is a constant independent of the particular mesh in a sequence of meshes. For any E ∈ E(T ), we introduce the edge polynomial degree p E by
Hence, for a given partition T of Ω and a degree vector p on T , we define the hp-version DG finite element space by
with Q p K (K) denotes the set of all polynomials on the element K of degree less or equal to p K . Let n K denotes the outward unit normal on the boundary ∂K of an element K. Given an edge E ∈ E int (T ) shared by two elements K + and K − , a vector field v ∈ H 1/2 (Ω) × H 1/2 (Ω) and a scalar field v ∈ H 1/2 (Ω), we define the jumps and the averages of v and v across E by The derivation of the DG approximation for SP 1 and SP 3 equations can be performed using similar techniques as those reported in [5] . Thus, the DG approximation for the SP 1 problem reads as follows: 8) where the bilinear forms
8 and (·, ·) denotes the standard linear form. Similarly, the DG approximation for the SP 3 system reads as follows:
where B and K h are defined in (3.9) . Note that in general the penalty parameter in (3.9) γ > 0 is chosen large enough so that the operator B + K h is coercive.
In the presence of steep radiative gradients and boundary layers as those obtained by SP 1 and SP 3 approximations of radiative transfer, the above DG method would need an extremely refined meshes to resolve these radiative features. To overcome this difficulty in the present work we consider an anisotropic hp-adaptivity using a residual based a posteriori error estimate. Rigorous proofs for the error estimators in the SP 1 and SP 3 equations can be achieved using the same steps in [15] and therefore are omitted here. Hence, the error estimator for the considered problems is given by
where the four terms under the sum are defined as
with F h and G h are the L 2 projection of F and G respectively onto the finite element space. Here, A min and A max are the matrices constructed taking respectively the minimum and the maximum component by component of the definitions of A from the two elements sharing a face and
, where κ min is the minimum value of κ k on the computational domain Ω, · 0,K and · 0,E are respectively the L 2 -norm on an element K and on an edge E. Adopting similar analysis from [15] it is possible to prove that the error estimator is an upper bound for the reference error in the DG norm ||| · ||| T i.e.,
where C is a positive constant independent of the mesh nor the order of the elements used and
is the data oscillations. Note that in case of SP 1 and SP 3 equations, the DG norm is defined as
In the present study, numerical implementation of the error estimator η err is carried out using the AptoFEM software package. The resulting discrete systems of linear equations are solved by exploiting the Multifrontal Massively Parallel Solver (MUMPS), see for example [2] [3] [4] . We consider different adaptive techniques for the SP 1 and SP 3 approximations, namely: isotropic h-adaptivity, isotropic hp-adaptivity, anisotropic hadaptivity, anisotropic h isotropic/p-adaptivity and uniform h-adaptivity. In all our computations, the meshes are adapted by marking the elements for refinement according to the size of the local error indicators (3.11) . This is achieved by employing the fixed fraction strategy proposed in [16] , with a refinement fraction of 15%. Thus, for each element K ∈ T marked for refinement the schemes automatically decide whether the local mesh size h K or the local polynomial degree p K should be adjusted accordingly. The choice to perform either h-or p-refinement is based on estimating the local smoothness of the (unknown) analytical solution. To this end, we employ the hp-adaptive strategy developed in [17] , where the local regularity of the analytical solution is estimated from truncated local Legendre expansions of the computed numerical solution. Furthermore, if anisotropic h-refinement is considered in the scheme, there is a further choice to make for each element qualified for refinement in h between isotropic h-refinement or anisotropic hrefinement. In order to make this choice we denote by E 1 K , E 2 K the two sets containing opposite edges of the element K, and we define
Then the choice between isotropic h-refinement or anisotropic h-refinement is made comparing the error quantities η E i K (i = 1, 2) as:
, then the element K is refined anisotropically along the direction v 2 K .
(iii) If none of the above conditions (i) and (ii) is satisfied, the element K is refined isotropically.
Numerical results
In this section we present numerical results for several test problems in frequency-dependent radiative transfer. The main goals of this section are to illustrate the numerical performance of the hp-adaptive discontinuous Galerkin method described above and to verify numerically its capabilities to solve radiative transfer problems. In all the computations reported herein, the media is assumed at a given steady temperature T (x, y) and on the domain boundary the temperature T b (x, y) is fixed. The change between the media and the ambient temperatures causes a sharp drop in the temperature across a boundary layer which can be very thin depending on the physical properties of the media. As a thinner layer is considered the problem becomes more challenging to solve with the conventional finite element methods for which a very fine mesh is needed. To take this effect into consideration different values ε = 0.5, ε = 0.1 and ε = 0.01 are considered, which correspond to different optical regimes.
In the sequel, we shall use the terminology isoh, isohp, anisoh, anisohisop and unifh to refer to the DG method with, isotropic h-adaptivity, isotropic hp-adaptivity, anisotropic h-adaptivity, anisotropic hadaptivity/isotropic p-adaptivity and uniform adaptivity, respectively. In addition, the resulting linear systems of algebraic equations are solved using the direct solver MUMPS. All the computations are performed on an Intel R Core i7 PC with 16 GB of RAM and 3.60 GHz. The codes only take the default optimization of the machine, i.e. they are not parallel codes.
Accuracy test problems
To assess the accuracy of the proposed adaptive DG method, we consider problems with known analytical solutions. We first solve the SP 1 problem in a grey unit squared domain using σ = κ = 1 and r 1 = r 2 = 0.
The functions F and G in the right-hand side of equations (3.1) are calculated such that the analytical solution of the SP 1 problem is given by ϕ(x, y) = e
We solve this problem for two different values of the diffusion scale ε = 0.5 and ε = 0.1. Note that despite the above exact solution is smooth it may develop boundary layers on the domain boundary and stronger boundary layers are expected for smaller values of ε.
In Figure 4 .1 we present the convergence of the errors using different refinement techniques for both values of ε. It is clear that there is a huge difference between the adaptive techniques that involve prefinement and the others that use only h-refinement. The formers converge exponentially whereas the others only polynomially. It should also be stressed that, due to the existence of the boundary layers in this example, the use of the anisotropic h-refinement seems to be advantageous for the DG method. It is also interesting to notice that for ε = 0.1, the boundary layers are stronger than the case with ε = 0.5 and the adaptive techniques which do not use anisotropic adaptivity are almost lost or they start to converge later. On the other hand, using anisotropic adaptivity the convergence is much faster and much sooner. For the considered diffusion scales, the anisohisop adaptivity achieves the fasted convergence for this test example compared to other adaptive techniques. In order to check how well the error estimator follows the true error, we illustrate in Figure 4 .2 the two best cases from Figure 4 .1, namely anisohisop and isohp along with the computed values of the estimator η err . It is clear that the error estimator η err follows very well the decay of the error in both cases which proves that it is a good estimation of the error. For both considered values of ε, the error estimator η err is always an upper bound for the true error. Notice that the gap between the true value of the error and the error estimator is normal for this kind of error estimators as already analyzed in [15] . Figure 4 .3 depicts the final adapted meshes using anisohisop. For a better visualization, only a zoom on the computational domain is shown in these plots. Note that the colors in the adapted meshes indicate the order of polynomials used in each element. As can be seen from these results the boundary layers have been accurately detected and treated using the anisotropic h-refinement as expected and accordingly to their strength.
Our second accuracy test example consists on solving the SP 3 equations with known analytical solution. Hence, we solve the equations (3.1) on a unit square using σ = κ = 1, α 1 = α 2 = β 1 = β 2 = 1 and Note that for this test example, the solution components ψ 1 and ψ 2 present boundary layers respectively, in the upper-right and lower-left regions of the computational domain. This problem is well-suited to test whether the indicator η err is able to pick up the steep gradients near these boundaries using anisotropic refinement. As in the previous test problem, we consider the two radiative regimes associated with ε = 0.5 and ε = 0.1. Notice that all the numerical methods developed to solve the SP 3 equations solve ψ 1 and ψ 2 separately, see for example [18, 24] . In our approach the system is solved in a fully coupled manner and no iterations are needed to deal with boundary coupling between ψ 1 and ψ 2 . Figure 4 .4 presents the convergence results in the DG norm using different refinement techniques for ε = 0.5 and ε = 0.1. The corresponding error estimators for this problem are given in Figure 4 .5. In the very beginning of iterations, the uniform and estimated errors are similar; however, we notice that the errors decrease generally during the evolving mesh adaptations while on the uniform grid the errors are evolved constantly. It is clear that for a given precision, the adaptive refinement allows to reduce consequently the number of unknowns in comparison with the uniform adaption. In addition, we note that both uniform refinements and adaptive refinements produce good approximate solutions as the number of degrees of 
freedom increases, and the convergence orders are nearly optimal. However, to obtain similar accuracy, the adaptive refinements will use less finite elements. It should also be noted that the discrepancy between the true and estimated errors is remarkably small as compared to the magnitude of the target functional. The distribution of error contributions reflects the qualitative behavior of local errors and indicates that stronger mesh refinement is required in the vicinity of domain boundary as the diffusion scale ε increases. It is also worth pointing out that the boundary layers for this test example are adapted similarly to those reported in Figure 4 .3 for the SP 1 equations and, for brevity in presentation, are not presented here.
Verification test problems
To assess the performance of the proposed DG method compared to the full radiative transfer, we consider a class of examples by solving the SP 1 and SP 3 approximations in a non-reflective grey unit square Ω = [0, 1] × [0, 1] with F = 0. The boundary functions G in these test examples are defined as
The coefficients κ, σ, the functions G Γ l , G Γr , G Γ b and G Γt are chosen for three different test problems according to Table 4 .1. Similar test examples have been reported in [24] . Notice that since in these cases the analytical solutions are not available, we only present the decay of the error estimator η err for each test example. However, as has been clearly shown in the previous test problems with known exact solutions, the error estimator mimics very well the behavior of the reference error and it is always an upper bound for this error in all optical regimes. This should give us the confidence in the fact that also the true error is decaying in a similar way as the error estimator for these problems. Figure 4 .6 presents the convergence results of the error estimator in the DG norm using different refinement techniques for the three test examples using the SP 1 approximation with ε = 0.1 and ε = 0.01. Those results obtained using the SP 3 approximation are presented in Figure 4 .7. It is clear that, since the solution of Test 1 does not present any strong boundary layers for the SP 1 approximation, anisotropic refinement would not give any advantage to the DG method. Clearly the trajectories of with or without anisotropic h-refinement for Test 1 are exactly the same. This is due to the fact that also when the anisotropic h-refinement is available, the method automatically prefers the isotropic h-refinement in this case. However, for the SP 3 approximation of this test example, the anisotropic refinement gives some advantages to the DG method. The corresponding mesh statistics and CPU times for Test 1 are summarized in Table 4 .2 for both diffusion scales. Here the listed CPU time includes the computational time used to assemble the system, to solve this system and to compute the error estimator. It is clear that for this test example more degrees of freedom are needed for simulations using ε = 0.01 than those using ε = 0.1. The convergence in this later case is also slower compared to the case with ε = 0.01. Similar trends have been observed for results, not reported here, for the SP 3 approximation. For Test 2 the solution presents very strong boundary layers along three sides of the computational domain. In this case anisotropic h-refinement has delivered a very fast convergence, compare the results shown in 
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but it becomes very important later in the simulation. This happens very often in presence of boundary layers in the solution because at the beginning the h-refinement reduces much faster the error, but after the p-refinement is necessary to continue converging very quickly. This can be seen by examining the couples anisohisop/anisoh and isohp/isoh refinements. To further emphasis the high resolution of our DG method to resolve boundary layers for this problem we present in Figure 4 .8 and Figure 4 .9 the results obtained for Test 2 using ε = 0.1 and ε = 0.01, respectively. Here we display the computed radiative mean intensity ϕ and the corresponding anisotropically adapted meshes. For better insight only small part of the computational domain is presented in these figures. As can be seen in these figures a thinner boundary layer is detected in the case using ε = 0.01 than using ε = 0.1 and in both situations our adaptive DG method accurately resolves these radiative regimes. It is worth remarking the degree of p-refinement in each case as higher polynomial degrees are needed for the case using ε = 0.1 than using ε = 0.01. Asymptotically, the size of these boundary layers should be proportional to ε 2 and our hp-adaptive DG method is able to accurately capture these boundary layers at reasonable computational cost. A simple examination of the number of degrees of freedom and the error estimator in Table 4 .3 also reveals that larger number of degrees of freedom and faster convergence have been observed in the case using ε = 0.01 than using ε = 0.1. Now we turn our attention to Test 3 and for this test example, boundary layers appear in all four sides of the computational domain. However, these boundary layers are weaker than those appeared in the previous Test 2. Based on the results presented in Figure 4 .6 and Figure 4 .7 the anisotropic h-refinement achieves some advantages over other adaptive techniques. As in the previous test example, the results show a decrease in the error estimator as we increase the number of degrees of freedom in the system. The mesh statistics and CPU times for Test 3 are also presented in Table 4 .4. The obtained results for this example illustrate similar features to Test 2. Comparing the CPU times for the considered tests in this example it seems that Test 1 is the most costly, this is due to the fact that in Test 1 there is more p-adaptivity and 1000 × 1000 nodes for ε = 0.01 are used in our computations, yielding linear systems with 2 × 10 7 and 8 × 10 7 unknowns which has to be solved for the case with ε = 0.1 and ε = 0.01, respectively. In Figure 4 .10 we present the cross-sections at y = 0.5 of the mean intensity ϕ obtained by the SP 1 and SP 3 approximations and the full radiative transfer for the three test problems from Table 4.1. It is evident that the proposed DG method preserves the radiative structures of the mean intensity at the optical regimes considered. The boundary features of the mean intensity are also captured by our DG method and they compare well with those obtained using the DSA solver for the full radiative transfer equation. It is also clear that the results obtained using the SP 1 and SP 3 approximations exhibit similar solution trends as the results obtained using the radiative transfer model. As reported in [24] , the accuracy of the simplified P N approaches and the convergence of the DSA method strongly depend on the optical scale ε and the scattering ratio γ = σ σ+κ . Although, the scattering ratio is the same for Test 1 and Test 2 (γ = 0.99), a large discrepancy is detected in the results obtained using the DSA for SP 1 model for Test 1. It seems that, for the considered test cases, the simplified P N approach asymptotically resolves the radiative transfer equation as the DSA method does, but with very less computational effort referring to the CPU times. It should be noted that when γ ≈ 1 the DSA method converges slowly to a tolerance of 10 −6 , for instance using ε = 0.1, in Test 2 (γ = 0.99) the DSA method needs 1376 iterations to converge and in Test 3 (γ = 0.09) it needs only 435 iterations. However, in all tests, the DG method for the SP 3 model shows fast convergence with a CPU time about 750 times lower than the DSA method for the full radiative transfer model.
Radiative transfer problem with discontinuous variables
The aim of this example is to test the performance of the proposed DG method for radiative transfer problems with discontinuous variables. Here, the problem statement consists on solving the SP 1 and SP 3 equations augmented by discontinuous temperature distribution, scattering and absorption coefficients. Note that for a grey media the Planck function (2.2) reduces to
where a R = 5.67 × 10 −8 is the reduced Boltzmann constant. The domain geometry and the values of T , σ and κ for each sub-domain are illustrated in Figure 4 .11. On the boundary the temperature is set to 300 K. A similar test example has also been considered in [1] . In Figure 4 .12 we display the obtained radiative temperature using the SP 1 approximation with ε = 0.1 and ε = 0.01. Those results obtained using the SP 3 approximation are presented in Figure 4 .13. Here, the radiative temperature T R is obtained from the thermal equilibrium
where ϕ is the mean radiative intensity computed using either the SP 1 or SP 3 approximations. As expected steeper interface layers are present in the results obtained using ε = 0.01 compared to those obtained using ε = 0.1. These interface layers are more pronounced in the SP 1 than the SP 3 results. From the results shown in Figure 4 .12 and Figure 4 .13, our DG method has automatically detected these internal boundary layers and the meshes have been adapted consequently. It should also be pointed out that due to the selection of radiative parameters in the computational domain shown in Figure 4 .11, the radiative temperature exhibits diffusive patterns in the right part of the computational domain which have been well detected by our DG method as more p-adaptivity is introduced in this part of the domain compared to the remaining parts in the computational domain. Note that sharper gradients have also been resolved using the SP 3 approximation for this test example compared to the SP 1 approximation. To further demonstrate this effect we present in Figure 4 .14 cross-sections of the radiative temperature at y = 0.5 for both diffusive scales ε = 0.1 and ε = 0.01. It is evident that in the right part of the domain, the SP 1 and SP 3 approximations produce the same radiative temperatures. Furthermore, both values of ε yield similar results for SP 1 and SP 3 approximations. High resolution of boundary layers by our adaptive DG method should also be noted in the results presented in Figure 4 .14. Although there is no available reference to quantitatively assess these solutions, it can be observed that the results are reasonable and consistent. In addition, the obtained results reveal the necessity of using hp-adaptation coupled with a posteriori error estimate analysis for sophisticated radiation simulation quality enhancement. It is expected that for the considered radiative transfer problem, this procedure allows us to reach significant improvement in accuracy and stability, compared to the uniform adaptation, within a small number of iterations. In summary, the adaptive DG method seems to produce satisfactory results and exhibit a typical highresolution behavior for all the examples in the considered radiative regimes in grey media. Furthermore, the obtained results for the considered test examples demonstrate the ability of the presented adaptive DG method to capture the small solution features within the computational domain using low number of degrees of freedom and low computational cost without generating nonphysical oscillations at the interfaces or introducing excessive numerical diffusion in the numerical results.
Frequency-dependent radiative transfer problem
Our final test example is the problem of radiative transfer in combustion systems in which H 2 O is the dominant radiating species. The full simulation of combustion systems requires the solution of the equations of material, momentum and enthalpy transport along with the radiative transfer equations. Since our focus in the current work is on developing efficient numerical solvers for radiative transfer, we will consider only the simplified P N equations. The main aim of this example is to check the performance of the proposed hp-adaptive DG method for solving frequency-dependent radiative transfer problems in relatively complex domains. Here, we solve the SP 1 and SP 3 equations in a circular-shaped reactor with 2 m of radius. The domain boundary is maintained at the ambient temperature of T b = 300 K and the interior medium has a steady temperature exponentially decaying from 2500 K to 2000 K as T (x, y) = 2000 + 500 exp − x 2 + y 2 0.08 .
In order to handle curved domains in this example, we have curved the elements using the transfinite interpolation method [25] . It should be noted that the visualization tool that we use to plot the meshes is not able to draw curved elements, so even if the elements are treated as curved in our DG method, in the displayed figures they have straight edges. The initial mesh used in our simulations is shown in Figure  4 .15. As can be seen in the left plot of this figure, the mesh is constituted with both quadrilateral and triangular elements. Since we know already that boundary layers can appear along the domain boundary, quadrilateral elements have been chosen because they can easily be adapted anisotropically. In the interior of the circular domain, triangular elements are used because they can describe any topology. The same approach can be used for any curved shape for computational radiative transfer in complex domains. In Figure 4 .15 we present the spectrum used in our computations for H 2 O species [11] . The non-opaque frequency interval [ν 0 , ∞) is approximated by 67 bands with piecewise constant absorption coefficients as shown in the right plot of Figure 4 .15 . Since the data are originally defined by wavelength intervals [λ k−1 , λ k ], we computed the corresponding frequency bands using the relation
where c 0 is the speed of light in vacuum. It is evident from this figure that the material is non-grey and the optical properties strongly change with the wavelength. In addition, H 2 O is considered to be non-scattering and opaque to radiation for wavelengths larger than a cut-off wavelength equal to 16 µm. In all the computations reported herein, we used c 0 = 2.9979 × 10 8 m/s, h P = 6.62608 × 10 −34 Js, k B = 1.38066 × 10 −23 J/K, n m = 1.33 and ε = 0.1. In this study we highlight the effect of an instantaneous change in the ambient temperature from 2000 K to 300 K, causing a sharp drop in the temperature across a boundary layer that can be very thin depending on the physical properties of the enclosure. As a thinner layer is considered the problem becomes more challenging to solve with the conventional finite element methods. Figure 4 .16 shows the adaptive meshes and the mean radiative intensity ϕ for the selected bands 7, 18, 49 and 63 using the SP 1 approximation. The results obtained using the SP 3 approximation are shown in Figure 4 .17. As can be seen from the results presented in these figures, the computed mean intensities ϕ k (k = 7, 18, 49 and 63) exhibit similar radiative patterns with highest intensity located in center of the domain and it decays exponentially to the ambient radiation. However, the speed of this decay and the thickness of the associated boundary layers differ from a band to another. For instance, faster decay and thicker boundary layer have been observed in the 63th band for ϕ 63 compared to other bands in both simulations using SP 1 and SP 3 approximations. These features can be clearly seen in Figure 4 .18 where radial cross-sections of mean intensities are performed along the main diagonal in the domain. These effects can be attributed to the absorption coefficients used in the simulation for each band in the radiative spectrum. It is also clear from Figure 4 .18 that for the considered value of diffusion scale ε, no noticeable differences are visible between the SP 1 and SP 3 solutions for bands 7, 18 and 49. This also confirms the asymptotic analysis used to derive the SP N approximations and one expects that for this class of simulations, solutions obtained using the full radiative transfer coincide with those obtained using the SP 3 approximation but at very heavy computational cost. Our numerical simulations demonstrate that the coupling of mesh adaptation and a posteriori error estimate allows for an economical and accurate DG solution of frequency-dependent radiative transfer problems.
In terms of adapted meshes shown in Figure 4 .16 and Figure 4 .17, it is evident that the hp-adaptation patterns are different for each band. It seems that for radiative transfer using H 2 O species, high p-refinement is observed for boundary layers and low p-refinement for regions with high temperature. The h-refinement is also taken place inside the circular domain where the temperature reaches high values. It is clear that the proposed estimator locates the error very well and the maximum error is well captured at the boundary of the computational domain. In addition, for the considered radiative conditions, we can observe that the number of degrees of freedom differs from one band to another and the hp-adaptation is automatically switched on only when it is needed for the concerned band independently of the other bands, which confirms the relevance of the adaption criteria based on our error estimator. Finally, we summarize in Table 4 .5 the number of degrees of freedom and the values of the error estimator on the first 10 adapted meshes for all four considered bands using the SP 1 approximation. As mentioned before, increasing the number of degrees of freedom results in a decrease in the error estimator. However, faster convergence can be seen for the 63th band compared to the other bands. It is worth remarking that the high values of the error estimator in this problem are related to the high values of the numerical solution itself. Similar conclusions can be drawn from results obtained using the SP 3 approximation and not reported here. Note that the performance of the proposed DG method is very attractive since the computed solutions remain stable and oscillation-free even for relatively coarse meshes without global refinement for all frequency bands within the radiative spectrum.
Conclusions
A robust class of hp-adaptive discontinuous Galerkin methods is proposed for the numerical solution of simplified P N approximations of radiative transfer in non-grey semitransparent media. The integro-differential equation of radiative transfer is approximated by the simplified P N equations resulting in a set of equations independent of directional coordinates and easy to be integrated in existing software packages. The proposed discontinuous Galerkin method is simple and highly accurate. The method is also locally conservative finite element method whose approximate solutions are discontinuous across inter-element boundaries; this property renders the method ideally suited for the hp-adaptivity. Numerical results are presented for several test problems in frequency-dependent radiative transfer and comparisons between different adaptivity procedures have been assessed. It is has been found that it is possible to estimate the radiative field with a computational cost very significantly lower than solving the equations using the conventional finite element method. In addition, for optically thick media the simplified P N approximations give results which are close Table 4 .5: Number of degrees of freedom and values of the error estimator on the first 10 adapted meshes for the four considered bands in the SP 1 approximation.
to those computed by the full radiative transfer problem. At present, we are trying to adapt this method to more difficult problems, such as those used in glass manufacturing. The equations in this model are strongly nonlinear and involve hydrodynamics and chemistry effects. We believe that these problems may benefit from the hp-adaptive discontinuous Galerkin method by reducing the number of degrees of freedom needed for convergence. However, this will require further study and a robust a posteriori error estimator may be required which is a topic of a forthcoming paper. It is worthwhile to remark that the presented hp-adaptive discontinuous Galerkin solver is designed in such a way that it can easily be integrated into an existing CFD code for hydrodynamical flow and heat mass transfer. Finally, we point out that the parallel implementation of the hp-adaptive discontinuous Galerkin method presented in this study is straightforward and only requires interprocessor communication to complete the matrix-vector and vector-vector products required for each frequency band.
A Appendix: Boundary condition for simplified P N equations
Here we summarize the variables required in the boundary conditions for the SP N approximations (2.7) and (2.8). For more details on the asymptotic analysis used to derive these conditions we refer the reader to [20] . Hence we define the integrals r i , i = 1, . . . 7 by where is the reflectivity function given by (2.4), P 1 and P 3 are Legendre polynomials of order 1 and 3 defined as P 1 (µ) = µ, P 3 (µ) = 5 2 µ 3 − 3 2 µ.
Hence, the parameters r 1 and r 2 required in (2.7) for the boundary condition of SP 1 approximation are given above. The constants appeared in (2.8) for the boundary condition of SP 3 approximation are listed as follows: 
where Note that the above parameters depend only on the optical reflectivity of the material where the radiation has to be estimated. They can be calculated in advance and stored to be used whenever a simulation of solution has to be repeated in the frequency loop.
